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Abstract: We presented a Finsler space F, whose Cartan's fourth curvature tensor K}kh satisfies

Kiknjeim = Ao Kinym + bem Kjn » Kjn # 0, where A,and b, are non-zero covariant vector field and covariant

tensor field of second order, respectively. such space is called as K"-generalized birecurrent Finsler space and
denoted briefly by K"~ GBR- F,,, In the present paper we introduce some certain identities satisfies the generalized
birecurrence property in our space.
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1. INTRODUCTION

N. S. H. Hussien [4] obtained certain identities in a K™ — recurrent, M.A. A. Ali [1] obtained certain identities in a K" -
birecurrent Finsler space.

Let E, be An n-dimensional Finsler space equipped with the metric function a F(x,y) satisfying the request conditions
[71.

The vectors y; , y‘and the metric tensor g;; satisfies the following relations

(1) @) y=0 b) yj=0 ¢ gyp=0 and d) g{=0.

The tensor C;j, is known as (h)hv - torsion tensor [5], it is positively homogeneous of degree —1 in ytand symmetric in
all its indices. By using Euler's theorem on homogeneous properties, this tensor satisfies the following identities

(1.2) a) Ciyy' =Crjy' =Cjiiy' =0,
b) Ci‘k)’j: /l;cj y' =0,
and c) C;kyl- =0.

Also satisfies the following relation:

(1.3)  Ciypg* =C.

The (v)hv- torsion tensor C]‘Ck is the associate tensor of the tensor C ;j is defined by

(1.4) a) Cl:= gMCyx  and  b) Cype = gn;Cl-

The tensor C}%. is positively homogeneous of degree —1 in y‘and symmetric in its lower indices.
The tensor P}k is called the v(hv)-torsion tensor and its given by

(1.5)  Ph=(0T)y" = Tjpe ¥" .

The tensor H}kh satisfies the relation

Page | 124
Research Publish Journals



http://www.researchpublish.com/
mailto:Fahmiyassen1@gmail.com
mailto:ahanballa@yahoo.com

International Journal of Mathematics and Physical Sciences Research 1SSN 2348-5736 (Online)
Vol. 3, Issue 2, pp: (124-130), Month: October 2015 - March 2016, Available at: www.researchpublish.com

(1.6) Hjwny’ =Hpp .

The deviation tensorH | is positively homogeneous of degree two in y ¢ and satisfies

(1.7) Hi,y" = HL.

The curvature tensor K}'kh satisfies the following identities known as Bianchi identities

(1.8) inkj t Kiine + Kigjin + (asrij'r)Kfqhk yt+ (3sri7cr)Ktsjh yt+ (6sri¥)ngj yt=0.

The associate tensor K, 0f the curvature tensor Kjkh is given by

(1.9) Kijin = 8rj Kikn -

The tensor K ; ., also satisfies the condition

(1.10) Kjikn + Kijkn = =2 Cijs Kien ¥ 7

The curvature tensor K}kh satisfies the following relations too

(1.11) Kjikh yj =Hlih ,

and (1.12)  Hjy—Kjun =Phyn + Pl Pl — h/k

where the tensor H }kh and H |, form the Berwald Curvature tensor and the h(v)-torsion tensor respectively.
The Ricci tensor K j; of the curvature tensor K}kh is given by

(1.13) Khi =K

N. S. H. Hussein [4] introduced the K"~ recurrent space. Thus, the K"- recurrent space characterized by
(1.14) Kjl}chw =2 K]lkh : kah #0,

where the non-zero covariant vector field A, being the recurrence vector field.

M. A. A. Ali [1] discussed the K"- birecurrent space. Thus, the K"- birecurrent space is characterized by

(1.15) Kjikh|{’|m = Kjikh! kah * 0,

where a,,, is non-zero covariant tensor field of second order is called the birecurrence tensor field.
Differerntiating (1.14) covariently with respect to x™ in the sense of Cartan, we get

(1.16) Kjikhw m = e Kjikhlm + Aopm K + Kfin # 0,

which can be written as

(1.17) Kjikhw m = e Kjikhlm + by Kien + K #0

where 4, and b, = A, are non-zero covariant vector fields and covariant tensor field of second order, respectively.

The space and the tensor satisfying the condition (1.17) will be called K"-generalized birecurrent space and
h-generalized birecurrent tensor, respectively. We shall denote them briefly by K"~ GBR- F, and h—- GBR, respectively.

Transvecting (1.17) by the metric tensor g;, , using (1.9) and (1.1c), we get
(1.18) Kipknjepm = AeKipknim + bem Kipin -

Contracting the indices i and h in (1.17) and using (1.13), we get

(1.19) Kijeym = ¢ Kjkym + bem K-

Transvecting (1.19) by y* and using (1.1b), we get

(1.20) Kjjoym = e Kjjm + bem K; .
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where K y* = K;.
Transvecting (1.17) by y’ , using (1.1b) and (1.11), we get
(1.21) Hlich|e|m = Hlih|m + by Hip
Contracting the indices i and h in (1.21) and using (H, = H.; ), we get
(1.22) Hyjojm = ¢ Hygpm + bemm Hy.
2. CERTAIN IDENTITIES
In view of the identity (1.10) and (1.11), we have
(2.1) Khiji + Kinjk = —2CpirHj

Differentiating (2.1) covariantly with respect to x? in the sense of Cartan, we get

(2.2) Knijiie + Kinjrre = (—2Chir Hjp)je

Differentiating (2.2) covariantly with respect to x™ in the sense of Cartan, we get
(2.3) Knijkjem + Kinjkjepm = (—2Chir Hjg ) jom

Using (1.18) in (2.3), we get

(2.4) Ae( Knijkim + Kinjieym) + bem (Knijie + Kinji) = (—=2Chir Hj )jopm

Putting (2.1) and (2.2) in (2.4), we get

(2.5) Crir Hieym = 4¢(Crir Hji )pm + bem (Crir Hjy)
Transvecting (2.5) by g"?, using (1.1d) and (1.4a), we get
(2.6) (CEHOeim = Ae(CHH) ) im + bom (CLHf)
Transvecting (2.6) by y/, using (1.1b) and (1.7), we get
@7 (CEHDom = A(CE H)m + bom (CE HE)
Transvecting (2.5) by g™, using (1.1d) and (1.3), we get
(2.8) (G Hierm = Ae(Cr Hjj djm + bem (Cr Hjy)
Transvecting (2.8) by y/, using (1.1b) and (1.7), we get
(2.9) (G Hjom = 20(Cr Hi )pm + bem (G Hy)
Contracting the indices p and k in (2.7), we get

(210)  (CFHetm = Ae(CE Hp)pm + bem (C Hy)

Thus, we conclude

Theorem 2.1. In K "~ GBR-F,, the tensors (Cy; Hj), (Ci’;Hﬁ( ), (C- Hjy), (G, Hi) and (¢}, Hy) areall h- GBR.

We know the identity [6]

(2.11) K; = H; — H/C

Differentiating (2.11) covariantly with respect to x* in the sense of Cartan, we get
(2.12) Ko = Hje — (HC)ye

Differentiating (2.12) covariantly with respect to x™ in the sense of Cartan, we get

(2.13) Kijepm = Hjjom — CH C)joym

Research Publish Journals

Page | 126


http://www.researchpublish.com/

International Journal of Mathematics and Physical Sciences Research 1SSN 2348-5736 (Online)
Vol. 3, Issue 2, pp: (124-130), Month: October 2015 - March 2016, Available at: www.researchpublish.com

Using (1.22) and (2.9) in (2.13), we get

(2.14) Kijepm = ¢ (Hjjm — (H} Cm) + bem (H; — (Hf Cy)

Putting (2.11) and (2.12) in (2.14), we get

(2.15) Kijem = Ao Kjjm + b K;

Thus, we conclude

Theorem 2.2. In K"~ GBR- F,, the vector K; is h-GBR.

Also, we have the identity [6]

(2.16) R; =K;+C}. H]

Differentiating (2.16) covariantly with respect to x* in the sense of Cartan, we get
(2.17) Rjie = Kjo + (C H)je

Differentiating (2.17) covariantly with respect to x™ in the sense of Cartan, we get
(2.18) Rjiojm = Kjjoym + (Cjir H{ ) opm

Using (2.10) and (2.15) in (2.18), we get

(2.19) Rjjoim = Ao (Kjjm + (Cf HD ) jm ) + bom (K; + (C H] )

Putting (2.16) and (2.17) in (2.19), we get

(2.20) Rjjopm = A Rjjm + bemR;

Thus, we conclude

Theorem 2.3. In K "~ GBR- E,, the vector R; is h-GBR.

We have the Cartan's fourth curvature tensor K}kh, v( hv )- torsion tensor P]‘k and the Berwald curvature tensor H}, [ikn are
connected by the formula (1.12)

Hjl:kh_K}kh—Pkm"‘P]k —h/k".

Differentiating (1.12) covariantly with respect to x* in the sense of Cartan, we get

(2.21) H]l:kh|€ - K;th’ = (P; k|h + P Pl — /K"

Differentiating ( 2.21) covariantly with respect to x™ in the sense of Cartan, we get

(2.22) H]l:kh|€|m - Kjikhlflm = (P; k|h + Pl Pl — h/KD) jom

Using (1.17) and if Berwald curvature tensor }kh is h- GBR, (2.22) reduce to

(223)  24( H}kh|m jikhlm) + bom (H fn= K jin) = (Pjiklh + Pl Plh=h/k") om

Putting (1.12) and (2.21) in (2.23), we get

(2.24)  (Pjn + PjePin=h/Im = Ae(Pign + PjcPin=h/K)m +bem (P + PliPin=h/k)
Thus, we conclude

Theorem 2.4. In K"~ GBR-F,, the tensor (P}, + P}P}, — h/k) is h- GBR, [provided v( hv )- torsion tensor P}, and

Berwald curvature tensor H]-"kh are all h- GBR].
We know the curvature tensor K; ., satisfies[5],[8] the identity

(2.25) Knijic— Kjkni = HpjCrixc= Hik Crij + Hix Crnj= Hij Crpr=Hjye Crpi + Hpy Crjc.
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Differentiating (2.25) covariantly with respect to x* in the sense of Cartan, we get
(2.26)  Knijkje~ Kjknije = (Hpj Crie — Hpg Crij + Hix Conj — Hij Cope — Hje Crpg + Hpy Crjidje
Differentiating ( 2.26) covariantly with respect to x™ in the sense of Cartan, we get
(2.27)  Knijijerm = Kikniteym = (Hpj Crie — Hpi Crij + Hig Crnj — H{j Copie — Hj Crng + Hpi Crjic ) jojm
Using (1.18) in (2.27), we get
(2.28)  A( Knijuje — Kiknire ) + bem(Knijie = Kjxni) = (Hhj Crae +

bem (Cies Hiy - Cins Hi ) Hhj Crixe + Hpj Crie + b (Cis Hiy = Cins Hi)

Hhi Crix + bom (Ciks Hi = Cins HE) Hpj Cose + Hiyj Cri)jepm
Putting (2.25) and (2.26) in (2.28), we get
(2.29) (Hyj Crix— Hpy Crij + Hiy Crpj= Hi; Crpe= Hjy Coni + Hpyi Crji) jojm

= A¢(Hpj Crix= Hpg Crij + Hiy Copj= Hij Cop= Hjje Crni + Hp Crjidim

+ bem (Hpj Crix=Hi Crij + Hfi Crnj=Hl; Conie=Hjic Coni + Hiy; Crjie)
Transvecting (2.29) by y/ , using (1.1b), (1.2a) and (1.7), we get
(2.30) (Hp Crix= H{ Copge + Hi Copdopm = Ae(Hp Crige— Hi Crpge + Hi Crpi)im

+bpm (Hp, Crig— H{ Crnie + Hi Crni)
Transvecting (2.30) by gP", using (1.1d) and (1.4a), we get
(231) (HyChL —HICE + HECYDum = M(HE Ch — HI Ch + Hy Ci)m +

bym (Hf CE — HIC, + HE CE)

Thus, we conclude
Theorem 2.5.
In K"-GBR-F,, the tensors (H},; Crye— Hiy Crij + Hii Conj — HJj Crnie — Hj Coni + Hiy Crjie ).(Hp Coige — HY Crpge +
H}, C,py) and (Hj Ch — HICP + HECr) areall h- GBR.
We have the identity [6]
(232) Kijne + Kijn + Kinij = =297 ( Cijs Kisnie + Cires KZin + Cins K )
Using (1.11) in (2.32), we get
(2.33)  Kijn + Kiejn + Kiniy = —2 (Cijs Hijge + Cies Hiy + Cins Hy; )
Differentiating (2.33) covariantly with respect to x? in the sense of Cartan, we get

(2.34)  Kijnije + Kiejnje + Kinjje = —2(Cijs Hie + Cus Hiy + Cins Hy )If’

Differentiating (2.34) covariantly with respect to x™ in the sense of Cartan, we get

(2.35) Kijnjerm + Kijnierm + Kinkjrem = —2(Cijs Hige + Cies Hiy + Cins Hi; )Iflm

Using (1.18), (2.33) and (2.34) in (2.35), we get

(2.36) (Cijs Hiyy + Ciks H3, + Cins ngj) = 2,(Cijs Hiy + Cixs Hj, + Cing Hlij)

[¢|m Im

+bpm (Cijs Hiye + Cies Hiy + Cins Hyj)
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Transvecting (2.36) by y/, using (1.1b), (1.2a) and (1.7), we get
(2.37)(Ciks Hi- Cins H’i)|{’|m = 2¢(Cixs Hy- Cins Hiy )Im + bom (Cis Hy- Cins Hi )
Transvecting (2.37) by gP", using (1.1d) and (1.4a), we get

(2.38) (Cp Hy — Ch HE) = A,(CP Hy — CP H )|m + by (Ch HE — CEOHE )

[¢lm

Thus, we conclude

Theorem 2.6. In K"-GBR-F,, the tensors (Cijs Hix + Cixs Hiy + Cins H; ), (Cues Hy — Cins Hi ) and ( Cps Hj
P Hg ) areall - GBR.

The Bianchi identity for Cartan's fourth curvature tensor Kjikh is given by (1.8)
Kjikh|t’ + K{’k|h + Kht’|k +y"{(0s Fﬁcl ne + (05 Fj}i) Sen + (0 Fﬁf Su} =0
Differentiating (1.8) covariantly with respect to x™ in the sense of Cartan, we get
(2.39) Kinemm + Kokjngm + Kinepm+y" {(os i) heim +
(0 Fj*fi ) Senim + ( 0s riy) rsek|m}+yr {( 0; ry m
+( 05 rj:’i)lmKrSka + Kneym (05 rj;li)lmKTS{’Hm} =0
Using (1.1b) and (1.17) in (2.39), we get
(2.40) 4, ;kh|m + 4K}, {’k|m + A ]h{’|m+ bem K, ]kh +bnK #k+ bt’kKjih{’
+y" {( 0 Fﬁcl) rheim T (0 Fj}i) khim T (0 i )K, t’k|m}
+y" {( 0s Fﬁ(")lm “ne + (0 Fj}i)lm S+ (05 T ) r{’k}
If Cartan fourth curvature tensor K}kh is h— recurrent which is given by (1.14) and in view of (2.40), we get
(241) 4, jikh|m + Ahl(ji{’k|m + A Kjih£’|m + bom Kin + benKot bocKine
+Amyr{(asrj7<i)l(rsh£+(as 7 )KSen + (0 i )K, o }
" {(651“]’,‘(‘) Ko + (0 ]e) KFen (asrjﬁ) Krsek}= 0
Putting (1.8) in (2.41) and using (1.14), we get
(242)  AKjunm + AnKopm + Ak Kipoym+ Bom— 2o An) Ky,
+(ben— AeAn) jifk +(ber— AeAi)Kjne
+y" {( Os Fj;ci)lmehf + (0 Fj?)lmKrskh (0 rﬁf r{’k}
which can be written as
(2.43) 4K kh|m + AKj, {’k|m + A K }h{’|m + ameth + ag Kjlk + agy K}h{’ +
+y" {(3s T m Kt (9 Fj:’i)l Sen + (05 rﬁf rlk} =0
where a,. = (bp— A,4,) is non-zero covariant tensor field of second order.

Transvecting (2.43) by y/, using (1.1b), (1.11) and (1.5), we get

(244)  AeHinm + AHppm + A Hhgpm + Qom Hien + Qon Hpye + agic Hyyp + Pl Hip+Ply Hiy + Py Hye =0
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Thus, we conclude

Theorem 2.7. In K"~ GBR-F,, we have the identities (2.43) and (2.44) [provided Cartan fourth curvature tensor j"kh is
h- recurrent].

We know that the associate tensor R, of Cartan third curvature tensor R}kh satisfies the identity[2],[3]

(2.45) Rijn + Rixjn + Rinkj + (Cijs Kini + Cixs Kin + Cins Kiyj )y =

Using (1.11) in (2.45), we get

(2.46) Ryjnk + Rikjn + Rinkj + Cijs Hix + Cigs Hjyy + Cips Hij =0

Differentiating (2.46) covariantly with respect to x¢ in the sense of Cartan, we get

(247) Rijnje + Rixjnie + Rinjre + (Cijs Hie + Cixs Hyp + Cins Hi; )Ii’ =0

Differentiating (2.47) covariantly with respect to x™ in the sense of Cartan and if the associate tensor R;j, of Cartan
third curvature tensor R}kh is h- GBR , we get

(2.48) Ae( Rijniim + Rigjrim + Rihkj|m) + by ( Rijpk + Rigjn + Rihkj)

+(Cijs Hpy + Cixs Hjf, + Cing H}ij) 0

fetm
In view of (2.47) and putting (2.46) in (2.48), we get

(2.49) (Cyjs Hip + Cigs H}y + Cins H}ij) = A{;(Cijs Hpy + Cigs Hjp, + Cips Hlij)

[£|m |m
+ bym (Cijs Hipe + Cixs H3y + Cins Hij )
Transvecting (2.49) by y/, using (1.1b), (1.2a) and (1.7), we get

(2.50) (Ciks Hi = Cins Hi?),,y,,, = Ae(Cires Hiy = Cins Hi )Im + bom (Ciks Hi = Cins Hiy)-

Illm
Transvecting (2.50) by gP?, using (1.1d) and (1.4a), we get

(2.51) (Cis Hiy — CR HE) = Ae(Cis Hy — C HE),  + bem (Cies Hi — Ci Hi; )

|[£|m
Thus, we conclude

Theorem 2.8. In K"-GBR-F,, the tensors (Ci;s Hiy + Cixs H3p + Cins H; ), (Cixs Hy — Cins Hi) and (Cls Hy —
cP H;) areall h- GBR [provided the associate tensor R;jxn, Of Cartan third curvature tensor R}kh is h- GBR].
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